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The expressions for agag|0) and a,ay|0) can be given by the same
expression as Eq. (26). To see this, suppose in ag ag |0), instead of ny and c,,
we have ng and c. Then ny(w, + vf) in S%(q) [see Eq. (34) below] would be
replaced by now, + novZ. In order for S,(q) to have the proper behavior for
small g, it is necessary to set ny = no + O(g). This is because w, + v2 —
—%as g — 0, while v = O(g™"). For large g, on the other hand, w, ~ 0. Any
effect due to ng # n, affects only intermediate values of ¢, and such effects
most likely can be incorporated into c,(k). A similar argument leads to ¢, ~
¢,, for if not, the last term in (34) for S,(q) diverges. Similar arguments are
valid for c;. We see that to calculate S; we can use (26) for aya,|0) as well.

Let us now calculate S and S5 using (26). This will be done in the follow-
ing subsection.

5.2. S, and S}

The expressions for S%(q) and S5(q, , q;) are now

Sy(g) = N1 3 [k vk — q)* + wik)wk — q)*] + 2no(w, + v7)
3

+ 2¢,5(q)w(u, + v,)? (34)
551, 92) = Py23{)) [wlkw(k + q ok — q)* + Gok)*vk + q,)°
x vk — q1)*] + no(w; + v})(w, + v3) + [2¢5(91)w;
+ 2¢5(g2)wz](wy + v])(wy + 03) + [ea(g1)wi(w, + v3)
+ e5(g2)wa(wy + 0D)] + des(qy, q)wiw,[2(w, + o)
x (W + 03) + (wy + vf) + (wy + 03)]} (35)

where w; = w(q,), etc. Equation (34) can be written as

S,(gg =Y+ 1  where Y(g) = N71Y (vFvi-q + wiwi—g) (36)

This expression will be useful for later discussions. Let Y(0) = C,, i.e., the
value of the integrals occurring in S,(g) for ¢ = 0 is C,. This quantity is
given by

¢;(0) = -2(1 + C4 — ny) (37)

The procedure followed in this work is to first assume ¢, is constant,
and then to find v, so that S%(q) agrees with experiment. This is done in the
next section, to yield a calculated S’(q) in very close agreement with experi-
ment. One can then allow ¢, to vary very slightly with k to give agreement
with any experimental determination of S(g). In particular, c,(k) can be given
a temperature dependence, so that S,(q) depends on temperature for small q.
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Determination of c4. The value of ¢,(0) is determined by the requirement
that S,(q) > 0 as ¢ —» 0, or §, - —1. Likewise, c; is partially determined
from the limiting behavior at small g;, Eq. (9). This equation is, using (7),

3(5, 8, P) =, S2(8)[S3(p) — 1] — Sa(p) — S,(t) + 2 (38)

where g, = 5,9, =t,9g3 =p,s <t,s <p,(t —s) < p <t+ s Wenote that
the coefficient of c; in (35)is —2w,;w, = O(s~!) when s ~ t ~ p ~ 0. In this
limit, S5 — 2. We can incorporate (38) into ¢; by writing c;(k, k') = —kk' x
f1(k) fi(k’), which means replacing c; in (35) by —q,4,f1(q,)f1(q2). We set
s~ t~ p~0 and solve for f;(0). We then set s ~ 0, t ~ p, and solve (35)
for fi(p) using (38). To include the behavior for small finite s, we can add
a term to c;, possibly writing it as

¢k, k) = kk'[— fi(k) f1(K') + kK'lk — K'| f5(k) f5(K")] (39)

To find f, first set s ~ t ~ p = g, where q is small (e.g., ¢ = 0.1), and solve
for f,(q). We then set s = 0.1 and find f,(p) for large p, as p ~ t. This will allow
us to find a c; to yield an S in agreement with the known limiting behavior
(38).

In principle, if one had more information about S5, he could add another
term to (39), which is very small when s is small, so that this additional
term will not effect the values of f; and f,. In practice, however, one is more
limited. Looking first at S, we see from the Ansatz for v, (discussed below)
that the term multiplying c, in (34) is very small for ¢ ~ 2 A~!. This means
that the expression for ag a,|0) does not affect the value of S, in this region.
In this region [which corresponds to the maximum of S,(g)], one obtains the
same result with ¢, = 0, i.e., with a3 = N,. The hard-sphere model of Lee
et al.'®?° seems to be valid here. For Sj, similarly, we note that around
g4, ~ 2, q, ~ g, ~ g5, the terms multiplying ¢, and c; are very small. The
value of S} for large g; can be determined fully from S’,. One cannot choose
¢, to determine S; in this region. One does not have the result that S} is
fully determined from the arbitrary function c,(k, k'). Instead, this function
is used only to insure that S} has the correct limiting behavior.

5.3. Discussion

The expression for ag ay|0) means that we are doing more than merely
considering single-particle excitations, as may be implied by the Ansatz
for a, . The state k = 0, which consists of a macroscopic fraction of the system
(or, according to Gireardeau,'? a much larger fraction than any other state
k # 0), is given in terms of phenomenological parameters times functions of
all the other states.
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The method allows us to partially determine S; from the experimental
S,, but not completely. Given S,, we find v, from (34), and ¢,. We use these
v, and ¢, to calculate Sy, Eq. (35). Since S,, Eq. (34), does not contain c;, S,
is not completely determined from the information about S,. The simple
Bogoliubcv Ansatz for a,, ¢, = ¢; = 0, results in S; being a functional of S,.
The present approach is quite different from a Bogoliubov dilute-gas ap-
proach. In a dilute gas one may expect S; to be a functional of S,, as the SA
is valid for particles far apart. For a nondilute system, one expects S; to
contain more information about the system than is contained in §,, as S,
relates to correlations among three particles, in an analogous fashion to
the fact that S, contains more information than S;. The result that S; is
not determined from S, is a positive feature of the present work.

The parameter c; is chosen so that the calculated S; agrees as well as
possible with whatever information we have about S;. The method then
allows us to calculate S; in regions previously unknown. Since the method is
based upon a reasonable model—a functional Ansatz based upon the
Bogoliubov model, modified to be valid for the actual liquid helium—and
yields functions that have the correct limiting behavior, we may have a
certain confidence in the results. One can have more confidence than in a
simple extrapolation of the known limiting behavior.

In a later paper a detailed study of S; will be carried out, including
evaluating the Fourier transforms and comparing it with the SA. Various
properties of liquid helium will be studied with these calculated few-phonon
structure functions.

In the next section, we will discuss how to choose v, so that the calcu-
lated S,(q) agrees with experiment.

6. NUMERICAL DETAILS

6.1. Ansatz for v,

The structure functions S; are functionals of a function v, [see, e.g.,
Egs. (34) and (35)]. The Ansatz chosen for v, is, where all the quantities
except k in the following equation are parameters,

v = —(cy/k)V3(1 + ak + bk?) k< k,
3

Uk= Zaiki_l klskska

i=1

ke
Z v = Cq

k>k3

Uk=0 k>k6
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This Ansatz was chosen because it has the following desirable properties.

(1) v} = ¢,/k, k — 0. This is in agreement with theoretical ideas about
vZ = n, the momentum density (Sposito,'! Refs. 24 and 22).

(2) Thefactthat v, < Ois determined from s-wave scattering in the Born
approximation.??

(3) The Ansatz for v, in (40) has a simple algebraic form, which facilitates
the evaluation of integrals for S;. These integrals are of the form

2.2 2
f”k”k—qlvqu dk

We note that, using (40), the integral diverges for g, ~ g, — 0, yielding
an S5 which does not have the correct limiting behavior given in (9). To
incorporate (9) into the Ansatz for v,, we modify (40), setting

v, =00.1) k<0l @1)

The precise point k = 0.1 is not significant, as long as it is finite and positive.
If we insist that n, = v2 — k~! for small k, one can add to c; a term like

kk'loglk — k'l fo(k, k') (42)

where f, — 0 for k, k' not too small. The factor multiplying c; in S5 in (35)
goes as (q;q,)~ ! for small g, and so (42) can cancel the singularities of the
integrals, and keep S finite. The effect is the same as (41). Using (41) causes
an insignificant change in S, for ¢ < 0.1. For S}, not only does it simplify
evaluation of integrals for finite g, but makes possible agreement with (9).

Slight temperature modifications of ¢, and c¢; for small k can be intro-
duced to give a temperature dependence of S, and S, for small q.

It is very interesting that if we write n, — k! and assume a2 = N,
then S, diverges logarithmically for small g, violating (9). This is another
indication that the simple Bogoliubov prescription is not valid. Either
n, = k~!or a3 = N, must be modified. We can choose the latter by choosing
¢, properly.

The two-phonon structure function was calculated with v, given in (40),
and the parameters were varied so that the calculated S,(g) agreed with
experiment. Various other forms for v, were tried, until (40) was found. The
form (40) both permits the calculation to proceed, and yields excellent results.

The parameters were varied according to the following restrictions.

(1) The parameter a was chosen so that v, = —1. This restriction did
not make a significant change in S, but it did simplify the search for the
best set of parameters considerably.

(2) The parameter k; was set at close to 2.0. This made the maximum of
S, correspond to the experimental maximum.
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B) v, <0,k < kg.

(4) 0 < Ny < N, where Y’ v} = N — N,.

(5) 0 < ¢; < ky; < k3, ¢; < 1. Although this may not be necessary, it
helps simplify matters, especially for calculations of terms involving u, (see
below).

(6) |vi| decreases monotonically as k increases.

(7) For k > k5, |v,] is a very small number, like 0.05 or so, and so its
precise value is unimportant for the calculation of integrals. However, due
to the large volume 2 < k < 3, integrals over this region are large. For the
integrated terms of S,(q), I(g), v, was taken as

v = 0.06(k — k3)/(2.6 — k3) ~ 0.1(k —2)  ky <k <251
5, =0 k=251 (43)

We note that due to these restrictions, v, has the same qualitative form
as the Bogoliubov value.

6.2. Approximation for u,

Integrals involving u, were approximated in a manner which gave small
errors, yet permitted the integrals to be evaluated easily. Since u, = (1 +
v)'/?, integrals involving u, cannot be evaluated exactly. The approximation
for u, was chosen as, where f;; are parameters,

u, = (cy/k)' 2L f1y + fralk/ey) + fia(k/cy)?] k<c logl =1
ue = fo1 + faales/k) + fraley/k)? g <k<k
W = fay + faa08 + fi308 ki <k <k, (44)

The parameters f;; were chosen so that the Ansatz (43) agrees with the exact
expression (1 + vé)” 2 at the end points of the three regions and at an inter-
mediate point. For the integrated terms of S,(q), I(q) of (36), the exact expres-
sion for u, was used, of course.

The largest value of {u? — 1 — vZ| is 0.05, which leads to an error of

0.004 in S,(g). This was checked by comparing the slope of S, with experiment.

6.3. Approximation for u,

All integrals for the calculation of S, can be performed analytically. A
program was written for the CDC 6600 computer to calculate S,(g) in terms
of the parameters of v,.

The Ansatz for v, for k > k;, leads to the largest error. These errors
decrease with small q. The error is AS,(g)/S,(q) < 0.1.

For g < 2.5, S,(q) ~ 1, except for small wiggles. If we assume that Y(g),
given in (36), is a smooth function for large g, which it most likely is, it is
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possible to adjust v, so that S,(q) has the proper behavior to agree with
experiment. Alternatively, c,(k) can be varied to give S,(g) the proper behavior.
These ideas, however, were not carried out explicitly.

It may be possible to improve the results by allowing k; = 3, for example.
The improvement would also reduce n,. '

The parameters were varied in a random fashion searching for the best
fit, using a routine Loco.* This routine was modified to permit the search to
continue with the several mutually dependent conditions giving the range of
permitted parameters. [t is not clear how any minimization routine other than
a random one could be successful for this problem.

6.4. Results

The results yielded a S,(g) which agrees with experiment to within the
109 relative calculational error. The maximum in S,(q) is equal to the
experimental value at the proper location. For0.1 < g < 0.6 A1, S,(g)/gisa

*To the author’s knowledge, the subroutine Loco has not been published, in spite of its unique-
ness and usefulness. A listing of the program can be sent to whoever desires it.

LB

T L I N

Sz (q)

Fig. 3. The calculated curve of S,(q). The units of g are A~!. The dots represent
experimental points (Henshaw?).
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Fig. 4. Plot of vZ, the function used to calculate S,(q). Note the smoothness of the
curve.

straight line to within 109, accuracy. For g < 0.1, errors due to the ap-
proximation for u, arise. S,(q) is shown in Fig. 3, and v? = n, is shown in
Fig. 4. The points represent the experimental curve (Henshaw?).

The values of the parameters are

no = 0.211 Cz = _3487 C4 = 0.9544
¢, = 0.19141 k, = 1.4522
ky = 1.97305 Ce =042 b= -0.21392

a, = 0.58978 a, = —0.121879 = a; = —0.086529

The value of n, compares favorably with current estimates based upon
experiment,'! which placen, ~ 10%. Most model calculations (see Ostgaad'®
for a review) arrive at n, ~ 1. Recent theoretical work,!? however, suggests
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Fig. 5. Plot of /(g) and Y (g), where S,(¢q) = Y(g) + I(q), Eq. (36).

that ng is close to zero. It may be possible to find a set of parameters for v,
which will yield a good S,(g) with a very small, or zero, n,.

If we plot Y(q) and I(g), defined in (36), we find that Y is a monotonically
decreasing function for all ¢, and I is a monotonically increasing function for
q < k,, after which I decreases again. See Fig. 5 for plots of Y(g) and I(g).
S,(q) increases monotonically up to its maximum at q = k;, and then
decreases again.

The three-phonon function S3 can also be written as S; = Y3 + I,
i.c., as a sum of integrals and integrated terms, similar to (36). The smoothness
of Y; and I; will simplify the evaluation of S5, for one can evaluate S} at few
points.

7. SUMMARY

A method of calculating the few-phonon structure functions Si(q,,...,
q,- 1) is proposed. First one writes S5 in second-quantized form, Eq. (16). One
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transforms from operators a, to operators «,. For k # 0, we use a linear,
Bogoliubov-type transformation, Eq. (17), which involves a function v,.
For k = 0, ag a,|0) is written as a very general expression in terms of the
other a, . This expression is a nonlinear expression, and involves parametric
functions ¢,, ¢, . ... It is shown that the expression for ag a,|0) is effectively
the most general possible, and that the same expression can be used for
ag ag 10) as well, because of the physical requirements S, satisfies. The func-
tions v, and ¢, are determined from the experimental S(q). It is necessary to
include c,, for if ¢, = 0, i.e., if a5 = N, then S, does not have the proper
behavior at small g. The function c; is determined so that S; behaves pro-
perly for small g. Likewise, ¢, can be determined so that S, behaves properly
for small momenta.

The function v, is determined by first assuming ¢, is constant, and that
v, is roughly similar to the Bogoliubov v,. A search for various functions v,
and constant ¢, lead to values which gave agreement with experiment to
within the calculational error. Furthermore, the value of n,, the number of
particles in the zero-momentum state, turned out to be very reasonable.

Having determined the function v,, it may be possible to reevaluate the
integrals with a far smaller error. One can assume c, is not constant, and
vary c,(k) to get much better agreement with experiment.

The functions v, and ¢, determined in this fashion are used to calculate
S5. This function is explicitly displayed as a functional of v, c,, and ¢; in
(34).

The method allows one to calculate S’ and higher-order functions S,
etc., by use of a semiphenomenological approach. At no point does the SA
enter, and so the resulting S; can be used as an alternative function in the
many calculations of liquid helium.

Future papers are planned which will discuss calculations of S5 and S,
various tests to indicate the correctness of the approach, and more studies
of liquid helium using the calculated few-phonon structure functions.
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