





EQUILIBRIUM IN SPECIAL RELATIVITY 171

tensione di torsione 9;,,,. Questo tensore & la somma di quantitad valutate in tempi
diversi, corrispondenti alla trasformazione di Lorentz di misurazioni simultanee nel
sistema inerziale proprio §. In conseguenza, se J,, =0, anche, T, la torsione in
un altro sistema inerziale 8, si annulla, Si discutono a fondo numerose obiezioni. Si
mostra che non vi & paradosso nell’esperimento di Trouton-Noble. Infine si mostra
perché & impossibile formulare I'usuale hamiltoniano per particelle interagenti nella
relativity ristretta in termini della coordinata temporale ¢, invece si devono usare i
tempi propri individuali .

Pagnosecne B CrenHaJILHO# TECOPHH OTHOCHTEJIBLHOCTH.

Pestome (*). — IToxasbiBaercss, uro me CYIIECTBYET IHEPreTHYECKHX IIOTOKOB, MEpPIeH-
AVKYJISPHBIX CHNaM, HOEHCTBYIOIIMM Ha OOBEKT. IIpuBOOUTCA MHOXECTBO OOBsSICHeHNIE
OmuGOHOM TIPUPOLI IHEPTETHICCKOrO noroka ¢or Jlays. DroT SHEPreTHYECKHl TOTOK
He IIOMOTraeT npa $opMyIMpOBAHHU YCIOBHI DaBHOBECHA B OGILUENPHHATOM CHHXPOHHOM
bopmamusme, rme monkEBI GHITL IoGaBIeHBl CHENUAILHbIE MMIYJBCH, O0YCIOBIIEHHbIE
HECOXpaHEeHUEM OJHOBPEMEHHOCTH COGBITHE. VYcIoBHe DPaBHOBECHS, COnepIKallee CHIIELL,
HENPCPLIBHO 3aBHCSINNE OT BPEMPHM, HE MOXKET GHITE chopmynEpoBaro ¢ mOMOIILIO
ONHOBPEMEHHOTO ofpamenus cmt B Hymn., C JPYro#t CTOPOHEI, B ACHHXPOHHOM ¢dop-
Mamusme Kasannepu u Canbrapemmm yCIIOBUC DaBHOBECHSI BBIDAXKAETCH TOJNBKO yepes
CHJIBI M MOMEHTEL OmpenensieTcst CoOTBeTCTBYFOMIiA TEH30p BpallleHus 7,,. DTOT TEH30p
TIPEACTABIIAET CYMMY BEJIMYMH, BBIYHUC/ICHHBIX IpH PA3IMYHBIX BpPEeMEHaX, COOTBETCT-
BYIOIWX Tpeobpasosanuto JIopenTua mis OIHOBPEMEHHbBIX H3MEPEeHMiI B COGCTBEHHOM
HHEpLUANbHOM CcucTeMe orcuera S. CrenosatensHo, ecimu Iw=0, Torma I~ s TEH30D
BPAICHAS B OPYTHX MHEPIUAILHBIX CHCTEMAaX oTcueTa S Takoke OGpamiaeTcs B HYJb.
TTogpo6uo obcyxmarorcs MHOTOYHCTICHABIE BO3paxeHHs. ITokassiBaercs, uTo B 3KCIIe-
pumente Tpoyrona-HoGna ue CYIIECTBYeT mapazokca. B sakirouenue HOKa3bIBAETCs,
N0YeMy HEBO3MOXHO CHOPMYITHPOBAaTL OOBIMHELE I AMUIBTOHHAH IVl B3aMMOZEHCTBY-
IOMUX YacTAIl B CHEUHANILHOH Teopwu OTHOCHTENIbHOCTH B TEPMHHAX KOOPAHHATHOrO

BPEMEHH !, a BMECTO 3TOTO HEOGXOIHMO HCIIONIB30BATh  OTHENbHBIE COOCTBEHHBIE
BpeMeHa 7.

(") MHepegedeno pedaxyueii.
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In a recent paper in this Journal, Sears' has
used the concept of von Laue energy flow to
resolve the paradox of the right-angled lever

at equilibrium in special relativity. Since the

concept of energy flow has been refuted,? Sears’s
article should be examined carefully.

Let us briefly review this paradox and its
resolution as given in Ref. 2. A right-angled lever
is at rest in an inertial frame A. Three forces,
whose sum is zero, act upon it. We wish to view
the lever from another frame B. We apply the
Lorentz transformation to the lengths of the arms

of the lever and to the forces and find that the
torque in B is non-zero. Von Laue® postulated
an energy flow which this torque creates. In
Ref. 2, it is shown that the torque and von Laue
energy flow in B are both zero.

Essentially, the idea developed in Ref. 2 is as
follows: An object is at equilibrium in 4 by time-
dependent forces if

2 Fi(t)=0 (1)
is satisfied, where each F; is evaluated simul-
taneously. Viewed from B, Eq. (1) becomes

2 F/ (/) =0, (2)
where F,’ and ¢/ are given by the Lorentz trans-
formation. Not only do the forces change, but
the arguments change as well. This means that

one does not sum the forces simultaneously.
Similarly, to calculate torque, we calculate the
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sum of the momenta of the forces, where the
momenta are not evaluated simultaneously. This
procedure leads to a zero torque in B. In Ref. 2,
additional clarification and illustration of this
point is given.

The formulation (2) is the asynchronous
formulation of Cavalleri and Salgarelli. One can
also have a synchronous formulation by the
addition of ad hoc terms to the sum of the forces
(or torques).

Sears® considered a rod under compression, at
equilibrium in A. Choosing time-dependent forces
F(t)=kt, he showed that the synchronous
formulation can be used to show that the rod is at

Notes and Discussions

equilibrium in B, if one includes von Laue energy
flow. However, if F =kt is replaced by an arbitrary
time dependence, it is not possible to use the
synchronous formulation and von Laue energy
flow to discuss equilibrium.

* Present address: Israel Department of Defense,
P.0.B. 7063, Tel Aviv, Israel.

!F. W. Sears, Am. J. Phys. 40, 771 (1972).

2 8. Aranoff, Nuovo Cimento 10B, 155 (1972).

3 See Ref. 2 for references to von Laue and subsequent
work.

¢ G. Cavalleri and G. Salgarelli, Nuovo Cimento AB2,
722 (1969).

$ This problem was originally suggested to Sears by S.
Aranoff (private communication).
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Torques and Angular Momentum on a System
at Equilibrium in Special Relativity

SANFORD ARANOFF

Department of Phystics, Rutgers University,
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(Received 29 January 1968; revision received 7 November 1968)

Panofsky and Phillips! (henceforth referred to as PP)
have made a series of errors in their discussion of torques
and angular momentum of a system at equilibrium in
special relativity. The mistakes seem to have cancelled
each other, and so have gone undetected. It is the purpose
of this note to analyze each of the errors, and in so doing
to clarify some aspects of special relativity.

PP state that a body can experience a torque as viewed
from one inertial system even though it is at equilibrium
as viewed from the proper system. This statement is not
correct. Let T, be the torque four-tensor in the proper
system. The torque four-tensor of a system of particles is

Ty =2 (Tl i~ Fi,i), (1)

where z,, is the uth component of the position four-vector
of the 7th particle, and F,; is the force four-vector acting
on the ith particle. For the system to be at equilibrium,
T, =0. A tensor which is zero in one system is zero in all
systems, by the rules of transformations of tensors, and
so the torque is zero in all inertial frames.

Let us follow PP’s derivation of the transformed torque,
to see where they made their mistake. Consider the
system of three particles shown in Fig. 1. Suppose the
forces are such that the system is at equilibrium. We

e—— X ———=

| E

Hoe .

F1a. 1. A system of three particles at equilibrium. Force F; acts upon
particle 1.

therefore have the equation:
F\Y,=F.X. (2)

We now look at the system from the point of view of an
observer ¢ at rest at the origin of an inertial system
moving in the X direction with respect to the proper
system. Let unprimed quantities refer to the proper
system, and primed quantities refer to the system at
rest with respect to 6. The transformation equations for
the forces are:

F'y=F\,,  Fy=Fa/y. (3)

We now want to find the transformation equations for
the lengths. We note first of all that the forces which act
simultaneously as viewed by 6 are not simultaneous as
viewed by ¢, contrary to the tacit assumption of PP, To
avoid ambiguity, consider impulse forces acting for a very
small time +. The position z’ is found from the Lorentz
transformation, setting (=0:

z' = Yz, Y’o = Yo. (4)

The transformation for time is ¢'=~(t—av/c?). We set
t=0 to obtain

t'=—~vav/c. (5)

The force F’, acts before F',, and gives the system an
angular impulse F’p2'7’. Later, F’, gives an opposite
angular impulse F’;Y’y7’. The total angular impulse J’ is

J'=(F'ox’ —F', Y')r'. (6)
We use Egs. (3) and (4) in (6)
J' =1(F2/v)(yz) ~ Fiyplr'.

The factors v cancel, and so we obtain, using Eq. (2),
J’=0, showing that there is no torque in the primed
system, as expected.

PP’s error consisted in putting &’ =z/v, the Lorentz
contraction of length, instead of Eq. (4). They have
neglected the fact that F’, acts earlier than F’; by the
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time ¢ of Eq. (5). This increases the moment arm by
zyv3/c, giving

z/y+ayr/E =2y, )

in agreement with Eq. (4).

Since PP say that there is a torque in the primed
system, even though there is none in the unprimed system,
they must say that the angular momentum of the primed
system increases in time. They have indeed stated this.
They have shown this by calculating the work done
by the force F’;. They have forgotten the force F’s,
necessary for equilibrium, which does work cancelling
the work done by F’;. Their conclusion leads to the
strange result that a body at equilibrium can have an
infinite angular momentum in another inertial system!

A calculation of the angular momentum in the moving
system shows that it actually is constant. Let L, be the
kth component of the angular momentum three-vector
about the origin in the proper system, where k=1, 2, or 3.
The angular momentum four-tensor M,, is defined as

M#P=Z(xufpri—xmpui)- (8)
The notation is similar to Eq. (1); for example, p,, is the
energy-momentum four-vector of particle 7. Equation
(8) is a generalization of the three-dimensional equation
L=erXp.-.

For a particle at rest, the only nonvanishing component
of P, i8 psi =moic?, where my; is the mass of the ¢th particle.
Consequently, the only nonvanishing components of M,,
are M and M, where ¢=1 or 2.

Since M,, is antisymmetric, it transforms like the
electromagnetic field tensor f.,. We write M;;=Lsc,
where %, j, and k are cyclic permutations of the space
indices 1, 2, and 3. For example, M;s=Lsc. The space
part of M,, (when u, »=1, 2, or 3) is analogous to the
magnetic field B (M =Lk is analogous to fi;=Bxc),
and the time part M is analogous to the electric field
(M g =macty and M,=mec’z are analogous to fi=E).
The transformation for the magnetic field B is ¢B'=
v(cB—vXE/c). The result for the transformation of the
angular momentum, with » along the x axis, is:

L'y=L'y=0;
L', =moryvy = —mauyv Y. (9)

NOTES AND DISCUSSIONS

This proves that the angular momentum is constant. The
nonzero value is merely due to the fact that the origin is
not defined at the center of mass.

PP explain their strange results by saying that the laws
of elasticity are modified by relativity, as there is no such
thing as a rigid body in relativity. Although this comment
is correct, it is unnecessary, as their results are in error.

This discussion throws light on the experiment of
Trouton and Noble?2 This was an attempt to find the
torque between two charges which were moving with the
same velocity. The torque was supposed to be due to
Ampere’s law, and the velocity was equal to the velocity
of the earth in its orbit. Of course, experiments do not
show any torque. One explanation advanced is that
Amperc’s law applies only to currents, not current ele-
ments, as a current clement is not a physical entity. This
explanation is not valid, as one can replace current ele-
ments by point charges. Another explanation is that the
charges in the Trouton and Noble experiment were con-
nected by a rigid bar. The mechanical forces keeping the
bar rigid must obey the same transformation laws as the
forces between the charges, and so, somehow, equilibrium
is maintained. This is very puzzling, as one can have two
isolated charges, and the problem remains. Rosser,® how-
ever, states that there is no torque in the moving system,
but does not show why.

The resolution of the problem is very simple In the
proper system, i.e., the system in which the charges are
at rest, there is no torque. There must, therefore, be no
torque in any inertial system. The mistake which arises
from use of Ampere’s law is the neglect of other relativistic
effects, namely Lorentz contraction and relativity of
simultaneity, in a fashion similar to Egs. (2)~(6). Here
again, it is unnecessary to comment that there can be
no rigid bar in special relativity.

t W. K. H. Panofsky and M. Phillips, Classical Electricity and
Magnetism (Addison-Wesley Publ. Co., Reading, Mass., 1962), 2nd
ed., p. 317.

2 F, Trouton and T. Noble, Phil. Trans. A202, 165 (1903); Proc.
Roy. Soc. 7, 132 (1903).

3 W. G. V. Rosser, An Introduction to the Theory of Relativity (Butter-
worth and Co., London, 1964), p. 86.
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More on the Thomas Precession in Special Relativity.

S. ARANOFF (*)

Department of Physics, University of the Negev - Beer Sheva

(ricevuto il 5 Giugno 1973)

There has been a recent flurry of interest in the Thomas precession (*%). Unfor-
tunately, many incorrect statements have appeared, which add to the confusion. An
example of the latter is a note by NEwWBURGH (*), who notes that the spin of an orbiting
particle precesses even if the torque on the particle is zero, and concludes from this
that one can have a changing angular momentum in a torque-free system in special
relativity. This is obviously incorreet, as was pointed out by ARANOFF ®).

To clarify the subject of the Thomas precession, this point will be elaborated on
below. What will be explicitly shown is this: Let an objeet have angular momentum S”
about its body axis (spin), and undergo orbital motion in the (4-y)-plane of an inertial
frame A. Viewed from A, the spin will precess. The orbital angular momentum will pre-
cess in the opposite sense, so that the total angular momentum remains constant. This will
be shown both quantum-mechanically and classically. The quantum-mechanical case
is well known, but will be repeated here for clarity. In Both cases, if the torque is zero,
the angular momentum is constant.

We have from the Dirac equation (°) that [H, S] £ 0, so that dS/dt 0. This is
the Thomas precession. However,

so that
@) dL/dt = —aS/dt.

(*) Present address: Israel Department of Defense, P.0.B. 7063, Tel Aviv.

() G. P. FiSHER: dmer. Journ. Phys., 40, 1772 (1972). See this paper for an excellent review of the
subject of the Thomas precession.

(*) G. CAVALLERI: Lett, Nuovo Cimento, 3, 608 (1972), and other papers referred to here.

(*) R. G. NEWBURGH: Lett. Nuovo Cimento, 3, 173 (1972); 5, 387 (1972).

(*) R. G. NEWBURGH: dmer. Journ. Phys., 38, 1158 (1970).

(®) 8. ARANOFF: Nuovo Cimento, 10 B, 155 (1972); Amer. Journ. Phys., 41, 1108 (1973).

(°) See, for example, S. S. SCHWEBER, H. A. BETHE and F. DE HoFFMAN: Mesons and Fields, Vol. 1
(New York, 1956), p. 36.
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604 S. ARANOFF
Setting J= L -+ S, we have (%)
(3) aJ/dt = i[(H,J]1=0.

The total angular momentum is constant, as we expected.

Let us do the same thing classically. In A", the proper frame of the particle, let
the angular-momentum 4-tensor M, have nonzero components Miy=— M}, = —8,
and M, (as the object is not at the origin). We wish to calculate M,,.

Let A” be moving in the y’-direction with the very small velocity v* with respect
to the inertial system 4’. Let 4’ be moving in the z-direction with the large velocity v
with respect to the laboratory inertial frame A. In other words, 4" is moving with Tespect
to 4 with the relative velocity vector V= (v, v'/y, 0). The factor 1/y comes from
time dilatation.

To transfer from 4 to A”, we first rotate 4 by the angle 0= tg-1 v'[yv, by use of
the rotation matrix B. We then perform a pure Lorentz transformation L, where
vy = (1—TV2/e?)}, and rotate back. That is, the Lorentz transformation % from A to
A" is given by (ignoring subsecripts)

(4) = R1LR.

Since 0 ~ 0, we can write (4) a8 & = L + T, where the symmetric matrix 7 is non-
zero only for

(5) Tm:v’(y~l)/yv, T24=*13”l/”~

This fact, namely that R-'LR # L, is responsible for the Thomas precession.
The inverse transformation is given by

(6) F1=RILR= 14 T,
where the nonzero elements of the symmetric matrix 7" are
(7 Tie=v(y—Djyo,  Tpy=pojo.
To first order in 77, we have

(8) M= LML+ T'M"L-1+ LA .
Applying (8) to our tensor under consideration, M”, we obtain
(9) Myy= Ty, My, .

In a similar fashion one finds M3 # 0 and M,, 0.
The physical interpretation of the nonzero components of M is as follows:

1) An object with spin 8, =— M}, in A" has spin 8, = — M, in A.

2) The object also has orbital angular momentum L,= M, due to M, 0,
t.e. due to the fact that the object is displaced from the origin along the y-axis and
has a velocity component along the positive z-axis.




MORE ON THE THOMAS PRECESSION IN SPECIAL RELATIVITY 605

3) Equation (9) tells us that the object also has orbital angular momentum
Ly= M,= —T,8, due to a displacement of the centre of mass along the positive
#-direction combined with velocity component along the positive y-axis. The centre

of the top of the object is equal to the velocity of rotation Plus v, whereas the velocity
of the bottom is » minus the velocity of rotation. Since the top has a greater velocity
than the bottom, it has a larger mass. Of course, I, is proportional to the spin S, as
shown by (9).

The fact that the centre of mass of a spinning object in special relativity is not at
the geometrical centre ig well known (7). Indeed, if one wants to calculate z, the ¢—co-
ordinate of the centre of mass, one writes J,,— —2p,, a8 B, = 0. Using M,; from (9)
and P, = mv’, we obtain z. The point here is that a spinning particle traveling in an
orbit in the (#-y)-plane has g precessing orbital angular motion, even though the
geometrical centre remains at 2=0.

Let us add to M,, a spin M}~ 2+ - This contributes to M, a term §,= §".
If we choose

(10) 8, = 125, 5

we will have M,,= 0. In thig case, the spin in 4" ig §"— (82, 8,). Let us rotate 4"
by the angle 6, where

(11) tge:Sﬁ/S;': Ty

and call this new frame Ay. A, is therefore the Proper frame of the object. If a particle
has spin aligned along the y,-axis, it will also be aligned along the y-axis.

Tt is interesting that if we calculate the relative velocity vector as measured by 4
and 4,, we will find that they are equal and opposite (°). This is not the cage for the
Systems 4 and A”. The correct orientation of the proper frame is therefore given by 4,
and not by 4",

An observer in 4 measures an 8,540 due to the 8, of (10). The fact that EA
is not parallel to z means that he measures the precession of the spin of the orbiting par-
ticle. He also measures an orbital angular momentum L, such that the total angular mo-
mentum is in the {y-2)-plane and constant. In a torque-free system, then, the total
angular momentum is constant, as we expect.

An observer in 4, measures a constant spin aligned along the y,-axis. For this ob-
server there is, of course, no Thomas precession. This statement can be rephrased as
follows: 4 macroscopic object does not undergo any Thomas precession relative to the in-
stantaneous proper frame A, if the resultant torque on the object is zero. This was pointed
out in a recent note (®). For an observer in any other frame A there is 5 precession
of the spin (although not of total angular momentum), hence: 4, is q privileged
inertial frame.

The total angular momentum, that is, Spin plus orbital angular momentum, ig
constant in a torque-free system only in the asynchronous formulation of special rela-

(") M. H. L. Prycg: Proc. Roy. Soc., A 195, 62 (1948).
(*) R. M. EISBERG: Fundamentals of Modern Physics (New York, 1961), D. 340,
(*) G. CAVALLERI: Lett. Nuovo Cimento, 7, 575 (1973).
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The Asynchronoué Formulation of Relativistic Statics
and Thermodynamics (). 8/ - "r/ lf
l

0. oue 2t wirhes
" ¢UU:4\DQ G

(ricevuto il 26 Febbraio 1973)

Summary. — An exposition of the covariant asynchronous formula-
tion A of relativistic statics and thermodynamics is given, and this
description is compared with the traditional synchronous one §. The
spin equation is given a covariant formulation. Also the equation of
motion for extended bodies is given in A. Further the interpretation
in 8 and in 4 of the elements of the energy-momentum tensor is stated,
and the result is employed on an ideal gas. The relativistic concept
of heat is discussed. The temperature is introduced as a scalar. Some
examples from the statics, the right-angled lever, Trouton and Noble’s
experiment and Sears’ relativistic paradox, are discussed. A few topics
from the relativistic thermodynamics, the transformation of energy and
momentum of an ideal gas and the transformation of thermodynamical
work between inertial systems, are treated in some detail. Also the
exchange of heat between systems with a relative motion is described
and discussed.

1. - Introduction.

During the last ten years considerable work has been done to find the
most adequate relativistic formulation of statics (#) and thermodynamics (°39).
In this connection it is important also to formulate the dynamics of extended
bodies with variable rest masses (4049),

(*) To speed up publication, the author of this paper has agreed to not receive the
proofs for correction.

(**) Postal address: St. George vei 6, Oslo 2.

() R. G. NEwWBURGH: Nuovo Cimento, 61 B, 201 (1969).

(?) 8. ARANOFF: Am. Journ. Phys., 37, 453 (1969).

(®) J. H. FrEMLIN: Contemp. Phys., 10, 179 (1969).

(*) J. W. BuTLER: Am. Journ. Phys., 38, 360 (1970).
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